On the basis of an algebraic relation between torsion and a classical spinor field a new interpretation of Einstein-Cartan gravity interacting with classical spinor field is proposed. In this approach the spinor field becomes an auxiliary field and the dynamical equation for this field (the Heisenberg equation) is a dynamical, gravitational equation for torsion. The simplest version of this theory is examined where the metric degrees of freedom are frozen and only torsion plays a role. A spherically symmetric solution of this theory is examined. This solution can be interpreted, in the spirit of Wheeler's ideas of "charge without charge" and "mass without mass", as a geometrical model for an uncharged and massless particle with spin ("spin without spin").
Introduction
The simplest generalization of general relativity is Einstein-Cartan (EC) gravitational theory in which torsion is included. Remarkably this theory is a gauge theory of gravity similiar in spirit to the Yang-Mills gauge theories. The difference being that the gauge group of the former is the Poincare group, while in the latter case one has gauge groups like SU (3) or SU (2) . One peculiarity of Einstein-Cartan theory is that the torsion does not have a dynamical term in the Lagrangian and is therefore a nonpropagating field. This fact stimulated research for a new dynamical gauge theory of gravity (reviews of such attempts can be found in Ref. [1] , [2] ). The Lagrangians of these theories contain terms which are quadratic in the curvature and/or torsion. Thus, in these theories the price for making the torsion dynamic is that one must introduce quadratic terms into the Lagrangian.
In this paper we attempt to make torsion a dynamical quantity, while leaving the EC Lagrangian unchanged. This is done by introducing an auxiliary classical spinor field. The EC field equations in this case then give an algebraic relation between torsion and spinor field that will allow us to interpret the nonlinear Heisenberg equation for spinor field as a dynamical equation for torsion [3] .
Einstein-Cartan gravity with spinor field
The Lagrangian for EC gravity with a classical spinor field can be written as (in this section we follow the notation of Ref. [3] ):
here Greek indices = 0, 1, 2, 3 are 4D spacetime indices; γ µ are Dirac matrics satisfying {γ µ , γ ν } = 2g µν ; g µν is the 4D spacetime metric; k = 8πG/c 4 ; R is the 4D Ricci scalar of the affine connection Γ A •BC (the definitions of the various Riemann-Cartan geometrical objects are given in Appendix A). The covariant derivative of the spinor field is defined as [4] , [5] :
here a, b = 0, 1, 2, 3 are vier-bein indices; γ a = γ 0 , γ 1 , γ 2 , γ 3 are ordinary Dirac matrices {γ a , γ b } = 2η ab ; η ab = diag{1, −1, −1, −1} is the 4D Minkowski metric; [ ] means antisymmetrization. The coefficients of the spinor connection are defined as follows:
here h a •µ is a vier-bein and , α µν are the Christoffel symbols. If the torsion is taken as totally antisymmetric then varying the torsion, spinor fields and metric leads to the following fields equations:
here S abc is the antisymmetrical torsion tensor, l P l = πhG/c 3 is the Planck length, R µν is the Ricci tensor. The stress-energy tensor T D µν of the Dirac field is:
here {} ∇µ means the covariant derivative without torsion. The metric is defined in the ordinary way G µν = h a •µ h aν .
the reverse interpretation: torsion is the source for the classical spinor field.
In the 4D case the totally antisymmetric torsion can be represented as the pseudo-vector S µ = ǫ µβγδ S βγδ and has 4 independent degrees of freedom. The spinor ψ also has 4 components. Hence the algebraic connection between S µ and ψγ µ γ 5 ψ allows us to express the spinor components ψ a (a = 1, 2, 3, 4) in terms of the components of the torsion vector S µ (µ = 0, 1, 2, 3) and then to substitute this back into the Heisenberg equation (5) . In this way the Heisenberg equation becomes a dynamical equation for torsion so that the torsion becomes a propagating field. This leads to an essential change of the physical interpretation of EC gravity coupled to a classical spinor field.
Using the relationship between the spinor field and the torsion we can replace the spinor field in the Heisenberg equation by the torsion and view this theory as a pure vacuum gravitational theory with propagating torsion.
In the rest of this paper we will refer to such a theory, where the torsion has become a propagating degree of freedom via the switch with the spinor field,
as Einstein-Cartan-Heisenberg gravity. The Heisenberg equation (5) now becomes a dynamical equation for torsion which is of a form similiar to the non-linear, spinor equations investigated by Ivanenko [6] and Heisenberg [7] , [8] .
Heisenberg gravity
We now want to examine the Einstein-Cartan-Heisenberg gravitational theory in the limit where the metric degrees of freedom are frozen out. Ref. [1] gives a classification of different gravity theories with curvature and/or torsion:
1. Riemann-Cartan space U 4 has both curvature and torsion.
2. Weitzenböck space W 4 has only torsion; curvature=0.
3. Riemann space V 4 has only curvature; torsion=0.
EC gravity is associated with U 4 , and ordinary Einstein gravity is associated with V 4 . The gravitational theory associated with W 4 , Weitzenböck space, we will call Heisenberg gravity. With the connection between the spinor field and the torsion the Heisenberg equation for the spinor field becomes the gravitational equation for the torsion. The implicit form for this equation is
Now we examine two solutions in this theory.
4D Trivial solution
We consider the constant spinor field in 4D Weitzenböck spacetime where
here a, b, c, d are constants. The spin density vector S µ ∝ (ψγ µ γ 5 ψ/i) (here we use γ 5 = γ 0 γ 1 γ 2 γ 3 ) then takes on the following form:
Combining this with the Heisenberg equation (5) we find the following relationships between the constants
here we have assumed m = 0. These equations have the following simple solution:
the simplicity of this solution is a result of the nonlinearity of the Heisenberg equation. The spin density is:
This indicates that the spin density is a constant vector in (tx) plane.
5D Spherically symmetric solution
In [3] a 5D Kaluza-Klein system was investigated, and a solution for the 5D
Heisenberg equation was given which we can interpret as a torsion solution in 5D Weitzeböck spacetime. For a totally antisymmetric torsion, varying the torsion and spinor fields leads to the following field equations, which except for the range of the indices is similiar to the 4D Heisenberg equations of (5) and (9)
here S abc is the 5D antisymmetric torsion tensor; a, b, c = 0, 1, 2, 3, 4 are fivebein indices; A = 0, 1, 2, 3, 4 is the 5D world index. The Dirac matrix γ 4 is defined to be γ 4 ≡ γ 5 . The ansatz for equation (22) is taken as the standard spherically symmetric spinor:
here r, θ, ϕ are the spherical coordinates. The substitution of ansatz (23) into
Heisenberg's Eq. (22) gives us the following two equations: makes with the r-axis). Near the origin the regular solution has the following behavior:
Substituting Eqs. (26) -(27) into Eqs (24) -(25) gives:
This means that for fixed m and ω a solution depends only on the initial value f (0) = f 0 . For arbitrary f 0 values the solution is singular at infinity (r → ∞). However there are a discrete series of (f 0 ) n values for which the solutions is regular at infinity. A more detailed discussion about properties of these solutions can be found in Ref. [9] . Thus, Eqs. (24) and (25) have a discrete spectrum of regular solutions in all space, and they have finite energy. At infinity (r → ∞) these solutions have the following asymptotical behaviour:
This guarantees the finiteness of all the physical parameters.
We can consider 5D Kaluza-Klein spacetime as the principal bundle over This is the spin density from pure vacuum gravity, without any matter field.
In this paper, after freezing out the metric degrees of freedom, we are left with only torsion. This torsion is interpreted as the source of the classical, auxiliary spinor field ψ, in both 4D and 5D versions of the theory. This is an inversion of the usual interpretation where the spinor is considered as fundamental and acts as the source for the torsion.
Physical discussion
In this paper we considered 4D and 5D Heisenberg gravity, where the only dynamical, gravitational degree of freedom was the torsion. Usually torsion is a non-propagating, non-dynamical degree of freedom. Here the dynamical behaviour of the torsion is defined by the nonlinear Heisenberg equation (Eqs.
(5) , (9) or (22)) through an auxiliary classical spinor field (it is possible that this field has some independent physical meaning but this is a problem for a future investigations). A nice feature of this dynamical torsion theory is that ities. This absence of singularities for these solutions of Heisenberg gravity may imply that the full Einstein-Cartan-Heisenberg gravity may be easier to quantized than ordinary Einstein gravity. The main point that we want to emphasize however is that Heisenberg gravity appears to give a purely gravitational model for spin (the torsion is the source of the auxiliary classical spinor field).
The ideas presented here have their origins in the attempts by Wheeler,
Einstein and others to geometrize physics. As an example one can point to
Wheeler's geometrical model of electrical charge as a wormhole threaded by electricx flux (This "charge without charge" idea can be found in Ref. [10] ).
But this model can not be a realisitic model for a charged fermion such as the electron since it does not have a spin angular momentum. Wheeler wrote in
Ref. [10] : ". . . It is impossible to accept any description of elementary particles that does not have a place for spin 1 2 . . . . Unless and until an answer is forthcoming, pure quantum geometrodynamics must be judged deficient as a basis for elementary particle physics . . . ." As outlined in this paper it is possible that Heisenberg gravity can give such a geometrical model of spin.
In this case the spherically symmetric solution of Eqs. (30) -(34) would represent a pure geometrical model of the spin without gravitational mass (because we exclude the metric degrees of freedom) and electrical charge.
In Ref. [11] a composite wormhole model of electrical charge was advanced in spirit of Wheeler idea of "charge without charge". Here by examining a gravity theory with torsion and the metric degrees of freedom frozen out (Heisenberg gravity) we arrive at a geometrical model for spin. Curiously in both the model of electric charge of Ref. [11] and the model for spin of the present paper it appears that a higher dimensional manifold (i.e. 5D) is required. The eventual hope is that in the full Einstein-Cartan-Heisenberg gravity one may find a wormhole with spin and charge ("charge without charge", "mass without mass" and "spin without spin"). Such a solution for the full ECH gravity would support the supposition of Einstein and Wheeler that Nature consists from nothing?
A Riemann-Cartan geometry
Here we give a simple introduction to Riemann-Cartan geometry following
Ref. [5] . The affine connection of Riemann-Cartan spacetime is:
here B AC are Christoffel symbols. Cartan's torsion tensor S BC A . is defined according to :
The contorsion tensor is:
In this case the affine connection is:
The Riemann curvature tensor is defined in the usual way as:
A modified torsion tensor is:
We can decompose the curvature scalar into Riemannian and contorsion pieces as follows:
For antisymmetric torsion we can write:
